We discuss an algebraic treatment of four-body clusters which includes both continuous and discrete symmetries. In particular, tetrahedral configurations with T d symmetry are analyzed with respect to the energy spectrum, transition form factors and B(EL) values. It is concluded that the low-lying spectrum of 16 O can be described by four α particles at the vertices of a regular tetrahedron, not as a rigid structure but rather a more floppy structure with relatively large rotation-vibration interactions and Coriolis forces.
Introduction
The binding energy per nucleon for light nuclei shows large oscillations with nucleon number with maxima for nuclei with A = 4n and Z = N , especially for the nuclei 4 He, 8 Be, 12 C and 16 O for n = 1, 2, 3 and 4, respectively, which provides a strong indication of the importance of α clustering in these nuclei. The phenomenon of clustering in light nuclei has a large history dating back to the 1930's with early studies on α-cluster models by Wheeler [1] , and Hafstad and Teller [2] , followed by later work by Dennison [3] , Kameny [4] , Brink [5, 6] and Robson [7, 8] . The connection between the nuclear shell model and the cluster model was studied in [9] , as well as by the the Japanese school [10, 11, 12, 13] . A recent review on cluster models can be found in Ref. [14] .
In the last few years, there has been considerable renewed interest in the structure of α-cluster nuclei, especially for the nucleus 12 C [15] . The measurement of new rotational excitations of both the ground state [16, 17, 18] and the Email addresses: bijker@nucleares.unam.mx (R. Bijker), francesco.iachello@yale.edu (F. Iachello) Hoyle state [19, 20, 21, 22] has stimulated a large effort to understand the structure of 12 C ranging from studies based on antisymmetrized molecular dynamics (AMD) [23] , fermionic molecular dynamics (FMD) [24] , BEC-like cluster model [25] , ab initio no-core shell model [26] , lattice EFT [27, 28] , no-core symplectic model [29] and the algebraic cluster model (ACM) [18, 30, 31, 32] .
The aim of this paper is to develop the ACM for four-body cluster systems and especially to discuss an application to the nucleus 16 O as a cluster of four α-particles. The ACM provides an algebraic treatment of the relative motion of the clusters in which eigenvalues and eigenfunctions are obtained by matrix diagonalization instead of by solving a set of coupled differential equations. Algebraic models have found useful applications both in many-and in fewbody systems. As an example we mention the interacting boson model (IBM), which has been very successful in the description of collective states in nuclei [33] . Its dynamical symmetries correspond to the quadrupole vibrator [34] , the axially symmetric rotor [35] and the γ-unstable rotor [36] in a geometrical description. The first extension to few-body systems was the vibron model [37] which was introduced to describe vibrational and rotational excitations in diatomic molecules [38] . The dynamical symmetries of the vibron model correspond to the (an)harmonic oscillator and the Morse oscillator.
The general procedure is to introduce a U (k + 1) spectrum generating algebra for a bound-state problem with k degrees of freedom [39] . For the five quadrupole degrees of freedom in collective nuclei this led to the introduction of the U (6) interacting boson model [33] . Similarly, the U (4) vibron model was proposed to describe the dynamics of the three dipole degrees of freedom of the relative motion of two objects, e.g. two atoms in a diatomic molecule [37] , two clusters in a nuclear cluster model [40, 41, 42] , or quark-antiquark configurations in mesons [43, 44] . For three-body cluster systems the algebra is U (7). The U (7) algebraic cluster model was developed originally to describe the relative motion of the three constituent quarks in baryons (qqq) [45, 46] , but has also found applications in molecular physics (H + 3 ) [47, 48] and nuclear physics ( 12 C as a cluster of three α particles) [30, 31] . This paper is organized as follows. In Sects. 2-3, we introduce the algebraic cluster model for four-body systems in terms of a U (10) spectrum-generating algebra, followed by a discussion of the permutation symmetry for the case of four identical objects. In Sect. 4 , we show that within U (10) it is possible to provide a description of a spherical top with tetrahedral symmetry in which all vibrational and rotational degrees of freedom are present from the outset. In Sect. 5, we discuss how to calculate transition probabilities in the ACM and we apply the U (10) model in the limit of the spherical top to the description of the nucleus 16 O as a cluster of four α-particles, and show evidence for T d symmetry in this nucleus.
A preliminary account of part of this work has appeared in Refs. [32, 49, 50, 51] . Here we develop the U (10) ACM in more detail, and especially we present a detailed analysis of the spectroscopic properties of 16 O including energies, transition rates and electromagnetic form factors, and show that 16 O can be, to a good approximation, described by a 4α configuration with T d symmetry.
The development of the U (10) ACM described here opens the way for applications to systems with generic geometric configurations as mentioned in the final Sect. 7.
Algebraic Cluster Model
The Algebraic Cluster Model (ACM) is a model designed to describe the relative motion of a cluster system. We start by introducing the relative Jacobi coordinates for a four-body system, see Fig. 1 ,
together with their conjugate momenta. Here r i (i = 1, . . . , 4) represent the coordinates of the four constituent particles. Instead of a formulation in terms of coordinates and momenta we use the method of bosonic quantization which consists in quantizing the Jacobi coordinates and momenta with vector boson operators and adding an additional scalar boson

Figure 1: Jacobi coordinates in a tetrahedral configuration
Permutation symmetry
In case of identical clusters, the Hamiltonian should be invariant under their permutation and, as a consequence, the states would transform according to the representations of the corresponding permutation group.
For four identical objects, as for example for X 4 molecules or 4α clusters, the Hamiltonian has to be invariant under the permuation group S 4 . The permutation symmetry of four identical objects is determined by the transposition P (12) and the cyclic permutation P (1234) [52] . All other permutations can be expressed in terms of these two elementary ones. The transformation properties under S 4 of all operators in the model follow from those of the building blocks. Algebraically, the transposition and cyclic permutation can be expressed in terms of the generators
The transposition is given by There are five different symmetry classes for the permutation of four objects. Since S 4 is isomorphic to the tetrahedral group T d , the irreducible representations can also be labeled by those of the tetrahedral group
In the remainder of this article we will use the irreducible representations of T d to indicate the tensorial character under the permutation group. Next, one can use the multiplication rules for T d to construct physical operators with the appropriate symmetry properties. For example, for the bilinear products of the three vector Jacobi bosons, one finds
It is convenient to express the 100 elements of the algebra of U (10) in terms of tensor operators under both the rotation group SO(3) and the tetrahedral
with l = 0, 1, 2. Heres = s andb km = (−1) 1−m b k,−m where k denotes the three Jacobi coordinates ρ, λ, η.
The invariance under tetrahedral symmetry imposes strong constraints on the general Hamiltonian. The most general one-and two-body Hamiltonian that is rotationally invariant, conserves parity as well as the total number of bosons, and in addition is scalar under the tetrahedral group T d ∼ S 4 , is given by
By construction, the wave functions are characterized by the total number of bosons N , angular momentum L and parity P , and their transformation property t under the tetrahedral group. Since we do not consider internal excitations of the clusters, the four-body wave functions arise solely from the relative motion and are symmetric with t = A 1 .
The relation between harmonic oscillators and permutation symmetry was studied by Kramer and Moshinsky [52] . In the present case, we wish to study the properties of the U (10) algebraic cluster model for any (large) number of oscillator quanta with the possibility of mixing between different oscillator shells. Therefore, we prefer to generate a set of basis states with good permutation symmetry numerically by diagonalization of T d ∼ S 4 invariant interactions. The permutation symmetry t of a given eigenfunction can then be determined from the transformation properties under the transposition P (12) and the cyclic permutation P (1234) [52] . In practice, the wave functions are obtained numerically by diagonalization, and hence are determined up to a sign. The relative phases of the degenerate representations, the two-dimensional E, and the threedimensional F 2 and F 1 , can be determined from the off-diagonal matrix elements of P (1234) [51] .
Special solutions
In general, the eigenvalues and corresponding eigenvectors are obtained numerically by diagonalizing the Hamiltonian of Eq. (12) in a coupled harmonic oscillator basis. However, there are special limiting cases of the Hamiltonian of Eq. (12) , in which the energy spectra can be obtained in closed form. These special cases are called dynamical symmetries and arise whenever the Hamiltonian is expressed in terms of the Casimir invariants of a chain of subalgebras of U (10). Two examples of dynamical symmetries of the S 4 ∼ T d invariant Hamiltonian correspond to the group lattice
where SO(3) denotes the angular momentum group in coordinate space and SO(3) the angular momentum in index space. These dynamical symmetries were shown to correspond to the nine-dimensional (an)harmonic oscillator and the nine-dimensional deformed oscillator, respectively [49, 50, 51] .
In the following, we discuss in more detail the case of the spherical top. Although it does not correspond to a dynamical symmetry, approximate solutions can still be obtained in the large N limit, which subsequently will be used to analyze and interpret the cluster states in 16 O. An interesting limiting case of the general T d invariant Hamiltonian of Eq. (12) is provided by [32] 
This Hamiltonian is a particular combination of the U (9) and SO(10) dynamical symmetries. For R 2 = 0, this Hamiltonian has U (10) ⊃ U (9) symmetry and corresponds to a nine-dimensional anharmonic oscillator, whereas for R 2 = 1 and ξ 2 = ξ 3 = 0 it has U (10) ⊃ SO(10) symmetry and corresponds to a deformed oscillator. For the general case with R 2 = 0 and ξ 1 , ξ 2 , ξ 3 > 0 the energy spectrum cannot be obtained in closed analytic form. Even though the Hamiltonian of Eq. (14) does not correspond to a dynamical symmetry, an approximate energy formula can still be derived by studying the classical limit of Eq. (14) .
The classical limit of the ACM Hamiltonian is defined by the coherent state expectation value
where the coherent state has the form of a condensate wave function
The condensate boson b † c is parametrized in terms of nine complex variables corresponding to the three vector coordinates and their conjugate momenta
For the geometrical analysis of the ACM Hamiltonian it is convenient to make a transformation to spherical coordinates and momenta [56, 57] 
with
where k = ρ, λ, η, followed by a change of variables to the hyperspherical coordinates q, ζ and χ
and to center-of-mass Ω and relative angles θ ij and their conjugate momenta.
Here 2θ ρλ denotes the relative angle between α ρ and α λ , and similarly for 2θ λη and 2θ ηρ . The potential energy surface associated with H 3,vib is obtained by setting all momenta equal to zero in the general expression for the classical limit. The equilibrium configuration corresponds to coordinates that have equal length
and are mutually perpendicular
In the limit of small oscillations around the equilibrium shape, the intrinsic degrees of freedom decouple and become harmonic. To leading order in N one finds the vibrational energy spectrum of a spherical top with tetrahedral symmetry [58] 
The frequencies are related to the ξ coefficients in the vibrational Hamiltonian of Eq. (14)
Here v 1 represents the vibrational quantum number for a symmetric stretching A 1 vibration, v 2 = v 2a + v 2b denotes a doubly degenerate E vibration, and v 3 = v 3a + v 3b + v 3c a three-fold degenerate F 2 vibration (see Fig. 2 ). For rigid configurations, R 2 = 1, and ω i = 4N ξ i with i = 1, 2, 3. Next we consider the rotational part of the Hamiltonian where L and I denote the angular momentum in coordinate space and index space, respectively,
m , m = −1, 0, 1
Whereas the angular momentum L is an exact symmetry of the T d ∼ S 4 invariant Hamiltonian of Eq. (12), the angular momentum in index space I in general does not commute with the Hamiltonian. Only if a L = c L in Eq. (12) and ξ 2 = ξ 3 in Eq. (14), does I become a good quantum number. The rotational excitations of the ground state vibrational band of H 3 with (v 1 v 2 v 3 ) = (000) are characterized by L = I. This property comes from the fact that the operator L· L− I · I annihilates the coherent (or intrinisic) state corresponding to the rigid equilibrium shape of Eqs. (21, 22) . As a consequence, the rotational energies of the ground state band are given by κ 1 L(L + 1).
Fig . 3 shows the structure of the rotational excitations of the ground state band (v 1 v 2 v 3 ) = (000). The rotational levels are doubled because of inversion doubling: for each value of the angular momentum L, one has doublets of states with (A 1 , A 2 ), (E, E) and (F 2 , F 1 ), in agreement with the classification of rotational levels of a spherical top with tetrahedral symmetry [58, 59] . For identical bosons, as is the case for a cluster of four α-particles, the allowed rotational-vibrational states are the symmetric ones with t = A 1 , and therefore the states of the ground state band have angular momentum and parity
. ., as shown in the right-hand side of Fig. 3 . A similar analysis can be done for the rotational bands built on the (100)A 1 , (010)E and (001)F 2 vibrations. For the A 1 vibration the values of angular momentum and parity are the same as for the ground state band L P = 0
± , . . ., while for the triply degenerate F 2 vibration they are
−,± , 6 +,± . . .. The situation is summarized in Fig. 4 which shows the expected spectrum of a spherical top with tetrahedral symmetry and ω 1 = ω 2 = ω 3 .
Transition probabilities
In order to calculate transition form factors and transition probabilities in the algebraic cluster model one has to express the transition operators in terms of the algebraic operators. The transition form factors are the matrix elements of
where q is the momentum transfer. Choosing the z-axis along the direction of the momentum transfer and using the fact that the four particles are identical, it is sufficient to consider the matrix elements of exp(iqr 4z ). After converting to Jacobi coordinates and integrating over the center-of-mass coordinate one has exp(−iq 3/4 η z ). The matrix elements of this operator can be obtained algebraically by making the replacement
where β represents the scale of the coordinate and X D is given by the reduced matrix element of the dipole operator. The replacement in Eq. (28) comes from the fact that in the large N limit, the dipole operatorsD ρ ,D λ andD η of Eq. (11) correspond to the three Jacobi coordinates ρ, λ and η [56] . In summary, the transition form factors can be expressed in the ACM as
withT (ǫ) = e iǫDη,z = e −iqβDη,z /XD .
The transition probabilities B(EL) can be extracted from the form factors in the long wavelength limit
where Ze is the total electric charge of the cluster. In the three special cases of the harmonic oscillator, or U (9) limit, the deformed oscillator, or SO (10) limit, and the spherical top with T d symmetry, the matrix elements ofT can be obtained analytically and are given in the subsections below. For the general ACM Hamiltonian of Eq. (12), the matrix elements cannot be obtained in closed analytic form, but have to be calculated numerically. Hereto, a computer program has been developed [60] , in which the form factors are obtained exactly by using the symmetry properties of the transition operator of Eq. (30) .
When a dynamic symmetry occurs the matrix elements of the transition operators can be obtained in explicit analytic form. The general procedure to derive the transition form factors in the harmonic oscillator and deformed oscillator limits was discussed in [61, 62] .
In the U (9) limit of the ACM the elastic form factor can be derived as
with ǫ = −qβ/X D and X D = √ 3N . In the large N limit, the elastic form factor exhibits an exponential fall-off with momentum transfer.
In the SO(10) limit the elastic form factor is given in terms of a Gegenbauer polynomial
with ǫ = −qβ/X D and X D = N (N + 8)/3. In the large N limit, the elastic form factor is proportional to a spherical Bessel function.
For the spherical top with T d symmetry, the form factors can only be obtained in closed form in the large N limit using a technique introduced in [63] and subsequently exploited in [45] . The normalization factor X D which appears in the algebraic transition operator of Eq. (30) , is here X D = 2N R/(1 + R 2 ) √ 3. The elastic form factor can be obtained as
In Eq. (34), |N, c is the condensate corresponding to a tetrahedral equilibrium configuration
In general, for transitions along the ground state band (000)A 1 the transition form factors are given in terms of a spherical Bessel function 
The coefficients c 
with 
Form factors and B(EL) values only depend on the parameter β, the distance of each particle from the center of mass of the tetrahedral configuration, and on the T d symmetry which gives the coefficients c L . The analytic results given in this section provide a set of closed expressions which can be compared with experiment. All results for form factors given in Eqs. (32) (33) (34) and Table 1 are for point-like constituent particles with a charge distribution
where Ze is the total electric charge. In cases in which the constituent particles are composite particles and thus have an intrinsic form factor they must be modified. Assuming a Gaussian form,
all form factors are multiplied by an exponential factor exp(−q 2 /4α). The charge radius can be obtained from the slope of the elastic form factor in the origin
The above formula for the charge radius is valid for all three cases discussed in this section: the harmonic oscillator, the deformed oscillator and the spherical top.
It is of great interest to determine the charge distribution in the case in which one has composite particles at the vertices of a tetrahedron. This charge distribution is given by the expansion of Eq. (41) into multipoles
with cos γ i = cos θ cos θ i + sin θ sin θ i cos(φ − φ i ) .
Here we have used spherical coordinates r = (r, θ, φ) and r i = (β, θ i , φ i ). The angles θ i and φ i denote the location of the four particles, and i λ (x) = j λ (ix)/i λ is the modified spherical Bessel function. This formula is valid for all cases in which the distance from the origin is the same | r i | = β for all constituents. In the case of n constituents, the charge of the constituent in Eq. (43) is changed from Ze/4 to Ze/n, and the sum is over all constituents from 1 to n.
The nucleus 16 O
The nucleus 16 O has been the subject of many investigations. Within the framework of the nuclear shell model detailed studies were made by Zuker et al. [64] in terms of 1p-1h and by Brown and Green [65] and Feshbach and Iachello [66] in terms of multiparticle-multihole configurations. However, as early as 1954, Dennison suggested that its spectrum could be understood in terms of an α-particle model with T d symmetry [3] . This idea was adopted by Kameny [4] , Brink [5, 6] , and especially by Robson [7, 8, 67, 68] , who in a series of papers developed the model in further detail. Other possible configurations were also studied, in particular α+ 12 C [69] . In very recent years, 16 O has been again the subject of many investigations, both within the framework of the no-core shell model [70] and ab initio lattice calculations [71] . The latter shows evidence for tetrahedral symmetry in the ground state of 16 O. Another important development has been the suggestion that some of the excited 0 + states may have a large α-condensate fraction and/or α+ 12 C cluster structure [72, 73] .
In this article, we analyze the available data in the terms of the spherical top limit of the U (10) algebraic cluster model with T d symmetry.
Energies
There are 340 levels known in 16 O in the energy range 0 − 35 MeV [74] . We have first analyzed these levels with the simple formula for a rigid spherical top with tetrahedral symmetry
where the zero-point energy is given by E 0 = as shown in Tables 2 and 3 . We note that because of the multiplication rule
The rotational ground state band with angular momenta L P = 0 + , 3 − , 4 + , 6 + has been observed with moment of inertia such that B 000A = 0.511 MeV. The spherical top predicts a L P = 6 ± doublet as a consequence of the tetrahedral symmetry. The 6 − state has not been identified yet. It appears that all three vibrations (100)A 1 , (010)E and (001)F 2 have been identified with comparable energy ω 1 = ω 2 = ω 3 = 6.05 MeV as one would expect from Eq. (14) with 
+ states of the the breathing mode (100)A, this vibrational band has a moment of inertia very similar to that of the ground state band. This band is similar in nature to the band built on the Hoyle state in 12 C which was recently measured experimentally [18, 19, 20, 21, 22 ] and reviewed in [15] . The moments of inertia of the (100)A 1 , (010)E and (001)F 2 bands are larger (smaller B values) than that of the ground state band due to their nature (breathing and bending vibrations). The moments of inertia of the A 1 and F 2 vibrations have almost the same value (and somewhat larger than that of the ground state band), whereas the moment of inertia of the E vibration has almost double the value of that of the ground state band. The situation is summarized in Fig. 6 . It appears also that some members of the double vibrations (200)A 1 , (110)E, (101)F 2 , (002)A 1 and (011)F 1 can be identified. The vibrations are nearly harmonic.
A characteristic feature of the spectrum of a spherical top with tetrahedral symmetry is the occurrence of parity doublets both in the ground state band and in the vibrational excitations (see Fig. 4 ). In the ground state band and the (100)A 1 breathing vibration one expects an additional L P = 6 − state, in the (010)E vibration an extra 4 − state and in the (001)F 2 vibration a 3 − state is missing (see Table 2 ).
The experimental spectrum is very similar to that of a spherical top with tetrahedral symmetry. Nevertheless there are some perturbations which can be described by adding higher order terms to the Hamiltonian, and consequently to the energy formula of Eq. (ii) centrifugal stretching which leads to corrections of the form
(iii) Coriolis coupling. This only affects F representations and causes a splitting of the triply degenerate vibration into three pieces
According to an estimate by Dennison, the coefficient ζ = 1/2 in 16 O [75] . (iv) Rotation-vibration interaction. The most notable consequence is a signature splitting
which splits the positive parity from the negative parity states with the same angular momentum, for example 2 + and 2 − . This effect is particularly important for the E vibration.
However, deviations from the simple energy formula of Eq. (45) appear to be small with the only exception of the 2 + /2 − splitting in the E vibration which corresponds to ∆ = 1.955 MeV, and we therefore do not discuss higher order terms further. Our assignments are in part different from those of Robson [8] who introduced a large centrifugal stretching and other perturbations. Within the framework of the ACM, perturbations can be studied by diagonalizing the Hamiltonian for finite N and R 2 = 1. Our discussion of the spectrum of 16 O has been so far assuming no internal excitation of the α-particle. However, in addition to the collective cluster excitations we expect also single-particle (shell model) excitations. We can identify uniquely non-cluster states by their isotopic spin nature (T = 1) and for T = 0 by the fact that some spin-parity states are not allowed by the symmetry of the 4α configuration. Specifically, no 0 − state can be formed in states with v = v 1 + v 2 + v 3 < 3. We are therefore able to identify non-cluster states in the low-lying spectrum as shown in Table 4 . Some of the non-cluster states are shown in Fig. 5 , to emphasize the fact that all observed states below 9.58 MeV are cluster states. In a shell-model language, cluster states are multiparticlemultihole excitations [65, 66] .
Form factors and electromagnetic transition rates
Form factors for electron scattering on 16 O were measured long ago [76] - [81] . For transitions along the ground state band the theoretical form factors for the spherical top are given in Table 1 . These expressions are only valid in the large N limit. In this section, the form factors are calculated numerically for N = 10 and R 2 = 1. In addition, the form factors are multiplied by an exponential factor exp(−q 2 /4α) for an extended distribution. The coefficient β in Eq. (30) is determined from the first minimum in the elastic form factor [76] to be β = 2.071 fm, and subsequently the coefficient α is determined from the charge radius of 16 O [74] to be α = 0.605 fm −2 . If the α-particle is not affected by the presence of the others, the coefficient α should be the same as for free α-particles. The fitted value is slightly different from the free value α = 0.549 fm −2 [82, 83, 84, 85] indicating a polarization of the α-particle in the medium. A comparison between experimental and calculated form factors in the ground state band is given in Fig. 7 . In the figure we have combined the experimental data for the excitation of the 3 − 1 state (red) [78, 80] with those of the unresolved doublet of the 3 − 1 and 0 + 2 states at 6.1 MeV (blue) [77, 81] . Electromagnetic transition rates along the ground state band can be obtained in the long wavelength limit of the form factors of Fig. 7 according to Eq. (31). In Table 5 , the B(EL) values are compared with experiment. The agreement is excellent and establishes the ground state band as a representation of the tetrahedral group T d with A 1 symmetry. Finally, we note that the values presented in [32] are slightly different since those correspond to the analytic results in the large N limit of Eq. (38) with β = 2.0 fm.
In the ACM, form factors and electromagnetic transition rates from the ground state to the vibrational states are reduced by a factor of 1/N with respect to the rotational excitations of the ground state band. In Fig. 8 we show the results for transitions to the bandheads of the A 1 , E and F 2 vibrations.
The corresponding electromagnetic transition rates can be obtained from the form factors in the long wavelength limit according to Eq. (31). In Table 6 they are compared with experiment for the same values of R 2 . The B(E1; 1 − 1 → 0 + 1 ) value vanishes due to the tetrahedral symmetry: the initial and final states are symmetric A 1 whereas the dipole operator has symmetry F 2 . The experimental value is rather small, in agreement with the T d symmetry. The calculated monopole matrix element is a factor of 6 smaller than the experimental one, indicating that either the transition operator is insufficient to describe transitions from the ground state to the vibrations or that the nature of the vibrations is somewhat different from the assumed one. However, since the shape of the form factor is correctly given by the vibrational behavior and, as shown in Table 2 , one can identify a rotational band built on top of the state, we suggest that the assignment of the 0 + 2 state as the bandhead of the A 1 vibration is correct, but that to obtain a better agreement one needs higher order terms in the transition operator [86] .
Form factors and transition rates among excited states are in general more difficult to calculate. The E2 quadrupole transitions can be calculated numerically. The results are given in Table 7 . The agreement here is poor, especifically for the decays 2 The same situation occurs for the 2 + 1 and 2 + 2 states which we have assigned to (010)E and (001)F 2 . Therefore, while the assignments of the bandheads of the vibrational bands may be correct, it is not clear whether the states built on them are correctly assigned, a situation similar to that encountered in 12 C [31] .
Summary and conclusions
In this paper, we have introduced an algebraic description of the four-body problem in terms of the spectrum generating algebra (SGA) of U (10) based on the bosonic representation of the Jacobi vectors, ρ, λ and η. In particular, we have shown that the ACM for four-body clusters contains the spherical top with tetrahedral T d symmetry as a special solution. The spherical top has been applied to the study of the spectrum, form factors and electromagnetic transition rates of the nuclear 16 O, as composed of four α-particles with tetrahedral symmetry. Evidence for this symmetry is particularly strong for the ground state band (000)A 1 with a rotational sequence L P = 0 + , 3 − , 4 + , 6 + , and weaker for the excited bands (100)A 1 , (010)E and (001)F 2 . The SGA of U (10) can be used for any four-body problem whether the particles are identical or not, and for any discrete symmetry, be it T d or other, and therefore it relevant for applications to other four-body problems in molecular, nuclear and hadronic physics, both for rigid and non-rigid configurations. Particularly simple are the descriptions of the rigid configurations of Fig. 9 , tetrahedral, pyramidal and planar, and those of the harmonic oscillator (U (9) limit) and the deformed oscillator (SO(10) limit). Other configurations, such as the linear chain and the square are somewhat more involved, but they can be dealt with as well.
Finally, a variation of the algebraic method in which the Jacobi variables ρ, λ and η are not fixed to their equilibrium values, as in the rigid configuration of Fig. 9 , but are allowed to perform large amplitude motion can be used to describe quasi-molecular configurations. For α+ 12 C, the variables ρ and λ of Fig. 1 need to be kept rigid as in our previous paper on 12 C [31] , while the variable η may undergo large amplitude motion. A suitable algebraic description for these configurations is U (7) ⊗ U (4), where U (7) describes the structure of 12 C and U (4) the relative motion between α and 12 C [87] .
